Abstract. We introduce and study adhesive spaces. Using this concept we obtain a characterization of stable Baire maps f : X → Y of the class α for wide classes of topological spaces. In particular, we prove that for a topological space X and a contractible space Y a map f : X → Y belongs to the n'th stable Baire class if and only if there exist a sequence (f k ) ∞ k=1 of continuous maps f k : X → Y and a sequence (F k ) ∞ k=1 of functionally ambiguous sets of the n'th class in X such that f | F k = f k | F k for every k. Moreover, we show that every monotone function f : R → R is of the α'th stable Baire class if and only if it belongs to the first stable Baire class.
Introduction, terminology and notations
We say that a sequence (f n ) ∞ n=1 of maps f n : X → Y between topological spaces X and Y is stably convergent to a map f : X → Y on X, if for every x ∈ X there exists k ∈ N such that f n (x) = f (x) for all n ≥ k. A map f : X → Y belongs to the first stable Baire class, if there exists a sequence of continuous maps between X and Y which is stably convergent to f on X.
Real-valued functions of the first stable Baire class on a topological space X naturally appear both as an interesting subclass of all differences of semi-continuous functions on X [6, 7] and in problems on the Baire classification of integrals depending on a parameter [2] as well as in problems concerning a composition of Baire functions [8] .
Real-valued functions of higher stable Baire classes were introduced and studied byÁ. Császár and M. Laczkovich in [4, 5] . A characterization of maps of the first Baire class defined on a perfectly paracompact hereditarily Baire space with the Preiss-Simon property and with values in a path-connected space with special extension properties was established by T. Banakh and B. Bokalo in [1] . This paper is devoted to obtain a characterization of stable Baire maps for wide classes of topological spaces and any ordinal α ∈ [1, ω 1 ). To do this we introduce a class of adhesive spaces and study their properties in Section 2. In Section 3 we give a characterization of stable Baire maps defined on a topological space and with values in adhesive spaces (see Theorem 3.2). Finally, in Section 4 we apply this characterization to classify monotone functions within stable Baire classes (see Theorem 4.2) .
Let us give some notations and recall several definitions. For topological spaces X and Y by C(X, Y ) we denote the collection of all continuous maps between X and Y . Let M 0 (X) be the family of all functionally closed subsets of X and let A 0 (X) be the family of all functionally open subsets of X. For every α ∈ [1, ω 1 ) we put
Elements from the class M α (X) belong to the α'th functionally multiplicative class and elements from A α (X) belong to the α'th functionally additive class in X. We say that a set is functionally ambiguous of the α'th class, if it belongs to M α (X) and A α (X) simultaneously.
A topological space X is called contractible, if there exist a point x 0 ∈ X and a continuous map γ : X × [0, 1] → X such that γ(x, 0) = x and γ(x, 1) = x 0 for all x ∈ X. A space Y is an extensor for X, if for any closed set F ⊆ X each continuous map f : F → Y can be extended to a continuous map g : X → Y .
A map f : X → Y is called piecewise continuous, if there exists a cover (F n : n ∈ N) of X by closed sets such that each restriction f | Fn is continuous.
We denote by symbols C(f ) and D(f ) the sets of all points of continuity and discontinuity of a map f : X → Y , respectively.
Adhesive spaces
Definition 2.1. We say that a topological space Y is an adhesive for X (we denote this fact by Y ∈ Ad(X)), if for any two disjoint functionally closed sets A and B in X and any continuous maps f, g : X → Y there exists a continuous map h : X → Y such that h| A = f | A and h| B = g| B . A space Y is said to be an absolute adhesive for a class C of topological spaces and is denoted by Y ∈ AAd(C), if Y ∈ Ad(X) for any X ∈ C.
If the case when Y is an adhesive for any space X, then we will write Y ∈ AAd.
Remark 2.2.
(1) Every extensor is an adhesive. is called a * -adhesive for X (and is denoted by (Y, E) ∈ Ad * (X)), if there exists a point y * ∈ E such that for any continuous map f : X → Y and any two disjoint functionally closed sets A and B in X with f (A) ⊆ E there exists a continuous map h : X → Y such that h| A = f | A and h| B = y * .
Remark 2.4. A pair (Y, E) is a * -adhesive for X, if (1) E is a subspace of Y ∈ Ad(X); (2) (Y, E) ∈ AE(X) (i.e., each continuous map f : F → E has a continuous extension g : X → Y ); (3) E ∈ Ad(X) and E is a retract of Y . Proof. Let X be a topological space, A, B be disjoint functionally closed subsets of X and f, g : X → Y be continuous maps.
(1). Assume that X is strongly zero-dimensional and choose a clopen set
. Assume that X is a low-dimensional Hausdorff compact space and Y is a path-connected space. We choose a continuous function ϕ :
Since X is compact, every boundary ∂O x is finite. Moreover, there exist finite subcovers U and V of (O x : x ∈ A) and (O x : x ∈ B), respectively. Then the sets U = ∪U and V = ∪V are open neighborhoods of A and B, respectively, ∂U ∩ ∂V = ∅ and |∂U ∪ ∂V | < ℵ 0 . In the case when one of the boundaries of the sets U or V is empty, we can construct the required map h as in case (1)). Hence, we may suppose that ∂U = ∅ = ∂V . Let ∂U = {x 1 , . . . , x n } and ∂V = {x n+1 , . . . , x n+m } for some n, m ∈ N. Taking into account that the space D = ∂U ∪ ∂V is finite and Hausdorff, we obtain that a function ψ : D → [1, n + m], which is defined by the equality ψ(x i ) = i for i ∈ {1, . . . , n + m}, is continuous. Letψ : X → [1, n + m] be a continuous extension of ψ. Denote y i = f (x i ) for i ∈ {1, . . . , n} and y i = g(x i ) for i ∈ {n + 1, . . . , n + m}. Now we use the path-connectedness of Y and for every i ∈ {1, . . . , n + m − 1} find a continuous map
Notice that h is continuous, 
, is continuous and satisfies conditions from Definition 2.1.
The following example indicates the essentiality of path-connectedness in Theorem 2.7 (2). Proof. Let Q = {r n : n ∈ N} be the set of all rational numbers. For every n ∈ N we consider the function ϕ n : R → R,
Define the function ϕ : R → R,
Observe that for every n the function ψ n (x) = n k=1 1 2 k ϕ k (x) is a Baire-one Darboux function. Since the sequence (ψ n ) ∞ n=1 is uniformly convergent to ϕ on R, ϕ is a Baire-one Darboux function [3, Theorem 3.4] . Consequently, the graph Y of ϕ is connected according to [3, Theorem 1.1] . Notice that the space Y is punctiform (i.e., Y does not contain any continuum of the cardinality larger than one), since ϕ is discontinuous on everywhere dense set Q (see [10] ). Then each continuous function between R and Y is constant. The statement of the example follows immediately. be the cone over C, i.e., the collection of all segments which connect the point v = ( 1 2 , 1) with points (x, 0) for all x ∈ C. Then, being contractible, Y ∈ AAd. We show that Y is not an extensor for X. Indeed, denote by ((a n , b n )) ∞ n=1 the sequence of contiguous intervals to the Cantor set and consider the identity embedding f : C → C × {0}. Assume that there exists a continuous extension g :
. By Theorem 2.7 the space S 1 is adhesive for itself. On the other hand, the continuous maps f, g :
defined by the equalities f (x, y) = (x, y) and g(x, y) = (1, 0), are not homotopic.
Stable Baire classes and their characterization
We omit the proof of the following fact, since it is completely similar to the proof of Theorem 2 from [9, p. 357].
Lemma 3.1. If A is a functionally ambiguous set of the class α > 1 in a topological space X, then there exists a sequence (A n ) ∞ n=1 of functionally ambiguous sets of classes < α such that
Moreover, if α = β + 1 for a limit ordinal β, then all the sets A n can be taken from classes < β. (1) f ∈ B st α (X, Y ); (2) there exist an increasing sequence (X n ) ∞ n=1 of sets of functionally multiplicative classes < β and a sequence (f n )
(3) there exist a partition (X n : n ∈ N) of X by functionally ambiguous sets of the class β and a sequence of continuous maps
Proof. (1)⇒ (2) . Assume that the diagonal ∆ is functionally closed in Y 2 . Let (f n ) ∞ n=1 be a sequence of maps f n ∈ B st <α (X, Y ) which is stably convergent to f on X. For k, n ∈ N we put
For all x ∈ X and k, n ∈ N we put h k,n (x) = (f k (x), f n (x)). In the case α = γ + 1 < ω 0 we can assume that f n ∈ B st γ (X, Y ) for all n ∈ N. Then the equality X k,n = h −1 k,n (∆) implies that X k,n ∈ M γ and X n ∈ M γ . Suppose α ≥ ω 0 . If α = ω 0 , then each map f n can be taken from the class B st n (X, Y ). Then X k,n ∈ M k for all k ≥ n, which implies that X n ∈ M ω0 . Now let α > ω 0 . We can assume that f n ∈ B st αn (X, Y ), where ω 0 ≤ α n < α n + 1 ≤ α for all n ∈ N. Then X k,n ∈ M max{αn,α k }+1 ⊆ M α and X n ∈ M α .
(2)⇒(1). Since the sequence (X n )
is convergent stably to f on X.
(2)⇒(3). We will argue by the induction. For α = 1 we take a sequence (F n ) ∞ n=1 of functionally closed sets and a sequence (f n ) ∞ n=1 of continuous maps
F n . We set X 1 = F 1 and
Then the family (X n : n ∈ N) is the required partition of the space X.
Assume that the implication (2)⇒(3) holds for all γ < α for some α ∈ [1, ω 0 ). Let (A n ) ∞ n=1 be an increasing sequence of sets of the (α−1)'th functionally multiplicative class and let (g n ) ∞ n=1 be a sequence of maps from the class B For all n, m ∈ N we set
where A 0 = ∅. Then the partition (X nm : n, m ∈ N) of the space X is the required one.
We show that (2)⇒(3) for all α ∈ [ω 0 , ω 1 ) under the assumption that Y has the functionally closed diagonal. Again we will argue by the transfinite induction. Let α = ω 0 , (A n ) ∞ n=1 be an increasing sequence of sets of the ω 0 'th functionally multiplicative class and (g n ) ∞ n=1 be a sequence of maps g n ∈ B st n (X, Y ) such that (3.2) holds. By implication (1)⇒(2) proved above for g n and by implication (2)⇒(3) proved above for finite ordinals, we obtain that for every n ∈ N there exist a partition (B nm ) ∞ m=1 of the space X by functionally ambiguous sets of the class n and a sequence (h nm ) ∞ m=1 of continuous maps such that (3.3) is valid. It remains to apply (3.4). Further, the inductive step is proved similarly to the case of finite ordinals. Now we prove that (3)⇒(2) in the case α = 1. Assume that condition (a) holds. For every n ∈ N we take an increasing sequence (F nm )
is an increasing sequence of functionally closed sets which covers the space X. Since Y is adhesive for X, for every n ∈ N there exists a continuous mapf n : X → Y such thatf n | Fmn = f m | Fmn for all m ∈ {1, . . . , n}. Clearly,f n |X n = f |X n for all n ∈ N. Now suppose that condition (b) holds. Let Y be a path-connected σ-adhesive for X and (Y n : n ∈ N) be a cover of the space Y by functionally closed subspaces Y n such that (Y, Y n ) ∈ Ad * (X) for every n. We prove that the preimage of each functionally closed subset of Y under the mapping f is functionally ambiguous of the class β in X. Indeed, take a functionally
n (B) is functionally closed in X. Therefore, f −1 (B) belongs to the β'th additive class in X. Moreover,
is functionally open in X, we have that X \ f −1 (B) belongs to the functionally additive class β in X. Thus, f −1 (B) is functionally ambiguous of the β'th class in X.
For every k, n ∈ N we put X k,n = f −1 (Y k )∩X n . Let us remove from the sequence (X k,n ) ∞ k,n=1 empty sets and let (Z n ) ∞ n=1 be an enumeration of the double sequence.
partition of X by functionally ambiguous sets of the class β in X. For every k ∈ N we set N k = {n ∈ N : f (X n ) ⊆ Y k } and putỸ i = Y k for all i ∈ N k . Hence, we obtain a partition (X n : n ∈ N) of X by functionally ambiguous sets of the β'th class in X such that f (X n ) ⊆Ỹ n for every n and it is evident that (Y n : n ∈ N) has the same properties as (Y n : n ∈ N).
For every n ∈ N we take an increasing sequence (F nm ) ∞ m=1 of functionally closed sets in X such thatX n = For all x ∈ X we set
Then the map g : X → Y is continuous and g| Cn = f | Cn . Hence, condition (2) holds. Now we suppose that under conditions (a) or (b) the implication (3)⇒(1) is valid for all ordinals γ ∈ [1, α) for some α ∈ (1, ω 1 ) and prove it for α. Consider the case α = γ + 1 < ω 0 . By Lemma 3.1 for every m there exists a sequence (A mn )
of functionally ambiguous sets of the class γ such that X m = Lim n→∞ A mn . For all m, n ∈ N we set
Then each set B mn is functionally ambiguous of the class γ.
For every n ∈ N we set
and, applying the inductive assumption, we get g n ∈ B st γ (X, Y ). It remains to prove that (g n ) ∞ n=1 is stably convergent to f on X. Fix x ∈ X and choose a number m such that x ∈ X m and x ∈ X k for all k = m. Equality (3.1) implies that there are numbers N 1 , . . . , N m such that
Hence, for all n ≥ n 0 = max{N 1 , . . . , N m } the inclusion x ∈ B mn ∩ X m holds. Therefore, g n (x) = f m (x) = f (x) for all n ≥ n 0 .
In the case α ≥ ω 0 we observe that each set X n is functionally ambiguous of the class α + 1 and the sets A mn (together with the sets B mn ) are functionally ambiguous either of the class α, or of classes < α in the case of limit α. Then by the inductive assumption we have
Let us observe that in the proof of implication (2)⇒ (1) we do not use the fact that Y has the functionally closed diagonal. The following example show that this property is essential for implication (1)⇒(2). 
Note that f ∈ B st 1 (X, Y ), because f is the stable limit of the sequence of continuous functions f n : X → Y ,
Fix a functionally measurable subset A ∋ a of X. Since |D \ B| ≤ ℵ 0 for every functionally open or functionally closed subset B ∋ a of X, we have |D \ A| ≤ ℵ 0 .
Thus every set B n = D n \A is at most countable. Therefore the set C = is at most countable too. We choose d ∈ D \ C and consider the neighborhood
We show in the following example that the properties (a) and (b) in Theorem 3.2 are essential. 2 and Y ⊆ X be the Sierpiński carpet. Notice that Y is a Peano continuum. Fix any x * ∈ Y and consider the map f : X → Y such that f (x) = x for x ∈ Y and f (x) = x * for x ∈ X \ Y . We put f 1 (x) = x and f 2 (x) = x * for all x ∈ X. Notice that X 1 = Y and X 2 = X \ Y are ambiguous subsets of the first class in X, X 1 ∪X 2 = X and f | Xi = f i | Xi for i = 1, 2. Therefore, condition (3) of Theorem 3.2 holds.
Assume that f ∈ B The following fact immediately follows from definitions and we omit its proof.
Lemma 4.1. Let X ⊆ R, f : X → R be a monotone function and g : X → R be a continuous function such that f | D = g| D for some dense set D ⊆ X. Then f = g on X.
A map f : X → Y between topological spaces X and Y is said to be weakly discontinuous, if for any subset A ⊆ X the discontinuity points set of the restriction f | A is nowhere dense in A. It is easy to see that a map f is weakly discontinuous if and only if the discontinuity points set of the restriction f | F to any closed set F ⊆ X is nowhere dense in F . Proof. The equivalence of (1) and (2) was established in [2] (see also [1] for a more general case).
The implication (2)⇒(3) is evident. We prove that (3)⇒(1). Let f ∈ B st α (R, R) for some α ∈ [0, ω 1 ). By Theorem 3.2 there exist a sequence of continuous functions f n : R → R and a partition (X n : n ∈ N) of the real line such that f n | Xn = f | Xn for every n ∈ N. Consider a nonempty closed set F ⊆ R. For every n we denote G n = int F X n ∩ F . Since F is a Baire space, the union G = ∞ n=1 G n is dense in F . The equality f | Xn∩F = f n | Xn∩F and Lemma 4.1 imply that f | Gn = f n | Gn for every n. Since every function f n is continuous and the set G n is open in F , we have G n ⊆ C(f | F ). Hence, G ⊆ C(f | F ), which implies that f is weakly discontinuous.
As a corollary of Theorem 4.2 we obtain the following result. Proof. We consider the increasing function f : R → R,
where Q = {r n : n ∈ N}. Since f is monotone, f ∈ B 1 (R, R). But D(f ) = Q. Therefore, f is not weakly discontinuous. Hence, f ∈ 
